We investigate the bending of flexible charged membranes due to the presence of rigid rodlike macroions in the framework of the Debye-Hückel approximation. When the macroions are fixed in space at some distance from the bilayer the membrane bends towards them; we calculate the exact deformation profile. On the other hand a macroion which is adsorbed on the membrane causes a deflection of the bilayer. Finally, we consider swollen lamellar polyanion/charged-lipid complexes where the macroions are intercalated between charged lipid bilayers. We predict the occurrence of a double adsorption (pinching effect) of the macroion for sufficiently flexible membranes. PACS. 68.10.-m Fluid surfaces and fluid-fluid interfaces -64.70.Md Transitions in liquid crystals -82.70.Kj Emulsions and suspensions
Introduction
Recent experimental studies have reported the selfassembly of biological polyanions (DNA, polypeptides...) and cationic lipids into lamellar complexes with the macroions intercalated between the charged lipid bilayers [1, 2] . An understanding of the interaction between the macroions and the charged membranes is of much current interest since cationic lipids are used as non-virial vectors for DNA and protein delivery (a discussion of the different strategies for human gene transfer can be found in Ref. [3] ).
The present theoretical studies focus on the case of condensed lamellar DNA/lipid complexes where the water gap between neighboring bilayers is of the same order as the diameter of the DNA molecule and where the DNA form a two-dimensional smectic array. Dan explains some experimental findings on these complexes by identifying two mechanisms which determine the DNA spacing, namely the electrostatic repulsion between the rods as well as the perturbation of the lipid bilayers near to the DNA [4]. Bruinsma and Mashl calculate more explicitly the repulsive electrostatic force between the DNA rods by assuming that the cationic lipids (which are mixed with neutral ones) act as a two-dimensional gas of "counterlipids" [5] .
Experiments on both DNA, and polypeptide/cationiclipid complexes, have been performed where the relative amounts of neutral lipids were varied, thereby changing the charge density of the bilayer [1, 2] . For the DNA complexes investigated by Rädler et al. [1] it was found that a e-mail: heli@mrl.ucsb.edu the distance d R between the rods increases strongly with decreasing charge density of the bilayer whereas the membrane spacing d increases only slightly. On the other hand in a recent study on polypeptide/cationic-lipid complexes it was shown by Subramanian et al.
[2] that d increases significantly upon dilution of the charged lipids. For high lipid dilution it was found that the water gap between the membranes is much larger than the diameter of the macroions. Compared to the densely packed system observed by Rädler et al. these swollen lamellar structures have more degrees of freedom due to the presence of much free space. A given macroion may be adsorbed on either membrane and may cause its bending near the adsorption side. Alternatively, a double adsorption may occur: the macroion may be pinched between both neighboring membranes which bend towards it. Although the persistence length of DNA is much larger than that of polypeptide chains, experiments indicate that the difference in the dilution behaviors of the systems investigated in references [1,2] is mainly due to the different flexibilities of the bilayers; the membranes in reference [2] are roughly two times as flexible.
There exist many studies on the problem of the bending of charged bilayers where the electrostatic contribution to the bending modulus is calculated for different regimes of the membrane surface charge density and aqueous electrolyte strength [6] [7] [8] [9] [10] [11] [12] [13] . On the other hand, there is -to our best knowledge -no study on the membrane bending due to the presence of polyions. We restrict the current study to the case where salt is present so that the electrostatic interaction is screened (Debye-Hückel regime). We note that the salt-free case is much more involved due to the non-linearity of the problem (Poisson-Boltzmann 
A regular lattice of polyanions between two cationic membranes. Schematically depicted is the deformation of the membranes. equation); a discussion of the electrical potential around a rod embedded in a flat membrane can be found in reference [14] .
In the next section we discuss how the membrane is deformed due to the presence of macroions fixed in space at some distance from the membrane; in the strongelectrolyte limit this problem can be calculated rigorously. In Section 3 we discuss how an adsorbed macroion affects the membrane conformation. In Section 4 we consider lamellar polyion/cationic-lipid complex and discuss the possibility of a pinching effect. We close the paper in Section 5 with a summary of conclusions.
Polyions fixed in space near a membrane
In this section we calculate how charged, say cationic membranes are deformed due to the presence of rodlike polyanions which are fixed in space. We consider two charged membranes which are parallel to the XY -plane and have the mean positions z = ± d (see Fig. 1 ). These membranes may represent two neighboring layers in a stack of membranes in the lamellar state or they may belong to two vesicles in near contact. Each membrane consists of a bilayer of cationic surfactants and carries the uniform (fixed) charge density σ/2 on each side. We impose the boundary condition ∂Φ/∂n| SM = 2πσ/ε on the electrical potential Φ in between the two membranes; n denotes the inward normal at S M , the inner surface of the membrane. This boundary condition assumes implicitly the independence of the inner and outer potentials, i.e., the membrane is taken to be opaque. This is a reasonable approximation as long as the energy stored in the electrical field within the membrane is negligible; one can show that this is the case as long as the thickness d M of the membrane fulfills d M ε L /εκ (ε: permittivity of water, ε L : permittivity of the lipid within each membrane) [6, 8, 11] . Typically ε/ε L ≈ 40 and d M ≈ 20Å so that this is here a reasonable assumption. In the following we assume the presence of polyanions between the membranes; they are modelled as rigid rods with radius r 0 and length L with L d r 0 . The surface charge density of the cylindrical macroions is denoted by −σ R and their charge density per length by −ρ = −2πr 0 σ R . We assume that the rods are located at the midplane of the two membranes, i.e. at z = 0 and that their axes point towards the Ydirection. Furthermore they form a regular lattice with the wavevector q 0 (cf. Fig. 1) . As we will see, this simple geometry allows a rigorous calculation of the problem (for small deformations); furthermore it resembles in some cases the typical arrangement in polyanion/cationic-lipid complexes (see Sect. 4).
The polyions will induce a bending of the flexible membranes towards them; we denote the (mean) position of the upper and the lower bilayer by d−u (x) and −d+u (x), respectively. Assuming that the displacement u (x) has the same periodicity as the underlying lattice of macroions, i.e. u (x + 2π/q 0 ) = u (x), we can express u (x) by the following Fourier series:
a n cos (nq 0 x) .
(1)
Due to the strong screening the amplitudes of the different modes are very small so that they are (nearly) decoupled. Furthermore it can be shown that undulations with other wave vectors (for instance q 0 /2) are energetically not favorable.
The free energy F per unit area has the form
where F el denotes the electrostatic contribution and F bend is the cost in curvature energy k c ∇ 2 u 2 of the two membranes with k c being the bending rigidity. F bend may be rewritten as [15] F bend = k c n a 2 n n 4 q 4 0 .
(3) (In Eq.
(2) the surface tension is explicitly taken to be zero).
In the following we assume a high concentration of salt so that we can use the Debye-Hückel approximation in which the Poisson-Boltzmann equation for the electric potential Φ becomes linear: ∆Φ = κ 2 Φ. Here the Debye screening length κ −1 is given by
where n ∞ is the bulk electrolyte concentration and l B = e 2 /εT denotes the Bjerrum length (T is the temperature in units of the Boltzmann constant k B and e is the electronic unit charge); in an aqueous solution ε ≈ 80 and thus l B ≈ 7Å. Now F el is the sum of the electrostatic contribution and of the translational entropy of the small salt ions. In the Debye-Hückel regime it is given by [16, 17] 
where the integration extends over the boundaries of the system having the charge density σ ; A is the corresponding area in the XY -plane. In our problem the boundaries are constituted by the two membranes and by the rods with the charge densities σ = σ/2 and σ = −σ R , respectively. In the following we calculate the potential Φ M of the two membranes (without the macroions in between); as we will see we can determine F el from Φ M alone.
